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Abstract
We deal with a family of generalized coherent states obtained by means
of operators of an unitary irreducible representation of the group of affine
transformations of the real line. We prove that the ranges of the corresponding
coherent state transforms coincide with spaces of bound states of the
Landau Hamiltonian in the hyperbolic plane. This provides us with a new
characterization of hyperbolic Landau states.

PACS numbers: 02.20.−a, 03.65.Fd

1. Introduction

In quantum mechanics systems, the canonical commutation relation [X, Y ] = −iI plays an
important role, and the annihilation and creation operators, coherent states and number states
are derived from this commutation relation [1]. Another important commutation relation
is [X, Y ] = −iX. The Lie group associated with this algebra is the semi-direct product
G := R∗

+ ∝ R, called the affine group. The corresponding ‘affine’ coherent states (ACS) are
well known [2]. Wave packets of these ACS are important in the theory of the continuous
wavelet transformation [3].

In this paper, we are concerned with an infinite-dimensional unitary irreducible
representation (UIR) of G realized on the Hilbert space H of square integrable functions
on the group R∗

+ endowed with its Haar measure λ−1 dλ [4]. We displace via operators of this
representation a special vector of H (chosen as vacuum state) to obtain a family of generalized
affine coherent states (see [5] for the group theoretical formalism). Identifying the group G
with the complex upper-half H2, we establish that the image of the Hilbert space H under
the coherent state transforms associated with the constructed coherent states coincides with
spaces of bound states of the Landau Hamiltonian on H2 [6].

This paper is organized as follows. In section 2, we review the definition of the affine group
as well as the square integrabilty property of the representation we are dealing with. Section 3
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deals with generalized affine coherent states. In section 4 we establish a characterization
theorem for spaces of hyperbolic Landau states by means of the corresponding coherent state
transforms. Section 5 is devoted to some concluding remarks.

2. The affine group

The affine group G := R × R∗
+ consists of elements (x, y), x real and y > 0 acting

on elements t of the real line according to: t → yt + x. The group law of G is:
(x, y) · (x ′, y ′) = (x + yx ′, yy ′). G is a locally compact nonunimodular group with the
left Haar measure dµ(x, y) = (2πy)−2 dx dy and modular function �(x, y) = y−1.

This group has two inequivalent infinite dimensional unitary irreducible representations
UIR (see [7] for the complete description of the dual Ĝ of G). We shall consider one of these
UIR, denoted π+, realized on the Hilbert space H = L2(R∗

+, λ
−1 dλ) as:

π+(x, y)[ϕ](λ) := exp
(

1
2 iλx

)
ϕ(λy) ϕ ∈ H λ ∈ R∗

+. (2.1)

This representation is square integrable. i.e., there exists a vector φ0 ∈ H such that the function:
(x, y) → 〈π+(x, y)φ0, φ0〉H belongs to L2(G, dµ). This condition can also be expressed
through the existence of an operator K in H self-adjoint, positive and semi-invariant with
weight �−1 such that∫

G

dµ(x, y)〈ϕ1, π+(x, y)ψ1〉〈π+(x, y)ψ2, ϕ2〉 = 〈ϕ1, ϕ2〉
〈
K

1
2 ψ1,K

1
2 ψ2

〉
(2.2)

for all ψ1, ψ2 ∈ dom
(
K

1
2
)

and all ϕ1, ϕ2 ∈ H. Precisely, K
1
2 [ψ](λ) = λ− 1

2 ψ(λ), ψ ∈
dom

(
K

1
2
)
, and we note that the unboundedness of the operator K is due to the fact that the

group G is not unimodular ([8], p 215).

3. Generalized affine coherent states

According to ([5], p 56), a Hilbert space H has a system {fg} of coherent states, labelled by
elements g of a group G if:

(i) there is a representation T : g → T (g) of G by unitary operators T (g) on H,
(ii) there is a vector f0 ∈ H such that for fg = Tgf0 and arbitrary f ∈ H we have

〈f, f 〉H =
∫

G

dν(g)|〈f, fg〉|2 (3.1)

dν being the left Haar measure of G. Note that a polarization of (3.1) gives us the equality

〈f1, f2〉H =
∫

G

dν(g)〈f1, fg〉〈f2, fg〉. (3.2)

Now, according to the above definition, we consider a set of coherent states, denoted
|(x, y)〉b,m, b > 0, obtained by displacing via the representation operator π+(x, y) the vector
|0〉b,m of H having the following wavefunction

〈λ | 0〉b,m :=
(

�(2b − m)

m!

)− 1
2

λb−m e− 1
2 λL2(b−m)−1

m (λ)

where Lα
n(.) is the Laguerre polynomial ([9], p 1037). Precisely

|(x, y)〉b,m := π(x, y)|0〉b,m
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and wavefunctions are given by

〈λ | (x, y)〉b,m =
(

�(2b − m)

m!

)− 1
2

(λy)
b−m

e− 1
2 λy exp

(
1

2
iλx

)
L2(b−m)−1

m (λy).

These coherent states are, up to a multiplicative constant, completely justified by the
square integrability of the UIR π+ since condition (3.2) in the above definition follows from
equality (2.2). The latter implies that the unity of H is solved as

1H = c−1
b,m

∫
G

dµ(x, y)|(x, y)〉b,m b,m〈(x, y)|

where the constant cb,m equals the norm square in H of the state K
1
2 |0〉b,m.

Note that for m = 0, the state |(x, y)〉b,0 coincides with the well-known affine coherent
state [2]. For m �= 0, we should note that the constructed states |(x, y)〉b,m are identical to a
continuous wavelet family discussed in [10].

4. A characterization of Landau hyperbolic states

Here, we identify G with the complex upper half-plane H2 = {ξ ∈ C, Im ξ > 0} by setting
ξ = x + iy ≡ (x, y). So that the space L2(G, dµ) coincides with the space L2(H2) endowed
with the norm ‖φ‖2 = ∫

H2 |φ(ξ)|2(Im ξ)−2 d Re ξ d Im ξ .
We consider the coherent state transform Wb,m : H → L2(H2) defined in the usual way

by

Wb,m[ϕ](ξ) := c
− 1

2
b,m

∫
R∗

+

dλ

λ
(ϕ(λ))∗〈λ | ξ 〉b,m ϕ ∈ H ξ ∈ H2.

Thanks to the square integrability of the UIR π+,Wb,m is an isometrical embedding. But to
determine the range of this isometry, we need first to fix some notation. For a real number B
and m ∈ Z+ with 0 � m < |B| − 1/2, we denote by EB,m the subspace of L2(H2) defined by

EB,m := {ψ ∈ L2(H2, dµ),HBψ = emψ}
where em := (|B| − m)(|B| − m − 1) and

HB := y2(∂2
x + ∂2

y

) − 2iBy∂x (4.1)

In suitable units, the operator in (4.1) represents the Landau Hamiltonian of a charged particle
in a uniform magnetic field on H2 with magnetic length proportional to |B|. The operator HB ,
also called Maass Laplacian, has been discussed in the mathematical and physical literature
(see [11–14]). The defined spaces EB,m are eigenspaces of HB in H associated with Landau
hyperbolic levels em. The latter are absent when |B| � 1

2 (see [6]).
Now, we state our main result as follows:

Theorem 1. Let |B| � 1
2 . Then, for m ∈ Z+ ∩ [0, |B| − 1/2] we have that

W|B|,m[H] = EB,m.

To show that W|B|,m[H] ⊂ EB,m we need to compute the action of HB on W|B|,m[ϕ](ξ)

for arbitrary function ϕ ∈ H, ξ = x + iy ∈ H2. A straightforward calculation gives

HB(W|B|,m[ϕ](ξ)) = (|B| − m)(|B| − m − 1)W|B|,m[ϕ](ξ) + Q|B|,m(ξ) (4.2)
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where

Q|B|,m(ξ) = y|B|−m+1
∫ +∞

0
dλ(ϕ(λ))∗λ|B|−m e− λ

2 (y−ix)

(
mL2(|B|−m)−1

m (λy)

+ (2λ−1(|B| − m) − y)
∂

∂y

(
L2(|B|−m)−1

m (λy)
) − λ−1y

∂2

∂y2

(
L2(|B|−m)−1

m (λy)
))

.

Using the relation (see [9], p 1037)

d

dt
Lα

n(t) = −Lα+1
n−1(t)

then we can write the quantity Q|B|,m(ξ) as

Q|B|,m(ξ) = y|B|−m+1
∫ +∞

0
dλ(φ(λ))∗λ|B|−m e− λ

2 (y−ix)�|B|,m(λy)

where

�|B|,m(λy) := mL2(|B|−m)−1
m (λy) − 2(|B| − m)L

2(|B|−m)

m−1 (λy)

+ λyL
2(|B|−m)

m−1 (λy) + λyL
2(|B|−m)+1
m−2 (λy). (4.3)

We may now apply the identity

Lα−1
n (t) = Lα

n(t) − Lα
n−1(t)

to the first term of the above sum in (4.3) and apply the identity (see [9], p 1037)

tLα+1
n (t) = (n + α + 1)Lα

n(t) − (n + 1)Lα
n+1(t)

to the last term in the same sum in (4.3) to get

�|B|,m (λy) = mL2(|B|−m)
m (λy) − 2(|B| − 1 − λy)L

2(|B|−m)

m−1 (λy)

+ (m − 1 + 2(|B| − m))L
2(|B|−m)

m−2 (λy).

Then, we make use of the functional relation ([9], p 1037)

(n + 1)Lα
n+1(t) − (2n + α + 1 − t)Lα

n(t) + (n + α)Lα
n−1(t) = 0

to find that �|B|,m(λy) = 0 and therefore Q|B|,m(ξ) = 0. In view of (4.2) it is clear
that the function W|B|,m[ϕ] is an eigenfunction of HB corresponding to the eigenvalue
em = (|B| − m)(|B| − m − 1).

Conversely, let ψ ∈ EB,m. We consider the function

ϕψ(λ) := c
− 1

2
b,m

∫
H2

dµ(ξ)(ψ(ξ))∗〈λ | ξ 〉B,m λ ∈ R∗
+.

We shall prove that ϕψ is satisfies W|B|,m[ϕψ ] = ψ .

W|B|,m[ϕψ ](ξ) =
∫

R∗
+

dλ

λ

(∫
H2

dµ(ζ )(ψ(ζ ))∗〈λ | ζ 〉|B|,m

)∗
〈λ | ξ 〉|B|,m

=
∫

H2
dµ(ζ )ψ(ζ )

∫
R∗

+

dλ

λ
〈λ | ξ 〉|B|,m(〈λ | ζ 〉|B|,m)∗

=
∫

H2
dµ(ζ )ψ(ζ )

(
�(2|B| − m)

m!

)−1

(Im ζ Im ξ)|B|−m

×
∫ +∞

0
dλ exp

(
−λ

[
i(Re ζ − Re ξ)

2
+

Im ξ + Im ζ

2

])
λ2(|B|−m)−1

× λ2(|B|−m)−1L2(|B|−m)−1
m (λ Im ξ)L2(|B|−m)−1

m (λ Im ζ ).
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Using the following identity ([9], p 845):∫ +∞

0
e−x(s+

a1+a2
2 )xαLα

k (a1x)Lα
k (a2x) dx = �(1 + α + k)

b1+α+k
0

bk
2

k!
P

(α,0)
k

(
b2

1

b0b2

)

b0 = s +
a1 + a2

2
b2 = s − a1 + a2

2

b2
1 = b0b2 + 2a1a2 Re α > −1 Re

(
s +

a1 + a2

2

)
> 0

for s = 1
2 i(Re ξ − Re ζ ), a1 = Im ξ , a2 = Im ζ , α = 2(|B| − m) − 1 and k = m. P

(α,β)
m (.)

is the Jacobi polynomial ([9], p 1035), which can also be expressed by means of the Gauss
hypergeometric function ([9], p 1036):

P (α,β)
m (t) = �(m + 1 + α)

m!�(1 + α)
2F1

(
m + α + β + 1,−m, 1 + α,

1 − t

2

)
.

After calculations, we obtain that

W|B|,m[ϕψ ](ξ) =
∫

H2
dµ(ζ )ψ(ζ )2F1

(
−2|B| − m,−m, 2|B| − 2m,

4Im ξ Im ζ

|ξ − ζ ∗|2
)

× (−1)m�(2|B| − m)

m!�(2|B| − 2m)

( |ξ − ζ ∗|2
4Im ξ Im ζ

)−|B|+m (
ζ − ξ ∗

ξ − ζ ∗

)|B|
. (4.4)

But the function of variables (ξ, ζ ) in the integral above coincides with the reproducing kernel
of the eigenspace EB,m ([14], p 89). Therefore equation (4.4) gives thatW|B|,m[ϕψ ](ξ) = ψ(ξ).
Finally, ϕψ ∈ H since W|B|,m is an isometry. We have then proved the inclusion EB,m ⊂
W|B|,m[H].

5. Conclusion

We have been concerned with an infinite dimensional unitary irreducible representation of
the affine group of the real line. This representation was realized on the Hilbert space of
square integrable functions on the real positive half-line. By a group theoretical method, we
construct a kind of generalized affine coherent state. Identifying the affine group with the
complex upper half-plane, we establish that the image of the representation Hilbert space
under the coherent state transforms, associated with the constructed coherent states, coincides
with spaces of bound states of the Landau Hamiltonian on the hyperbolic plane. By this
characterization, the coherent state method has provided us with a mathematical viewpoint of
looking at eigenspaces of the Hamiltonian (Maass Laplacian). From another perspective, the
established result indicates that we can increase our knowledge on properties of generalized
affine coherent states by exploiting the accumulated mathematical findings at least since the
early publications of Maass.
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